A new two-dimensional mapping model for the dynamics in oscillatory media, where local dynamics can be either periodic or chaotic, is proposed. This is done by introducing the interaction among distributed kicked-oscillators. We discuss the difference between the present dynamics from a one-dimensional mapping model and a diffusion-type coupling. We then elucidate the possible types of instability of spatially synchronized oscillation.
In the last two decades, a great deal of study of nonlinear phenomena far from thermal eqUilibrium has been carried out. 1 )-5) The most eminent characteristics far from equilibrium are self-sustained temporal evolution including limit cycles, chaos and self-organized spatial structures. There are many reports on interesting phenomena observed in oscillatory media, e.g., reaction-diffusion systems,3) Rayleigh-Benard systems 4 ) and liquid crystals 6 ) under time-dependent electric or magnetic fields.
A well-known dynamical model for oscillatory media is the complex GinzburgLandau equation,3) which qualitatively describes synchronized oscillation, propagating waves and turbulent behavior observed in oscillatory media. On the other hand, we previously proposed a field theory of interacting oscillators represented by dynamical maps7), 8) as another approach to spatiotemporal dynamics in oscillatory media. A simplified treatment similar to that has been extensively pushed forward by Kaneko 9 ) and Chate and Manneville lO ) for spatially discrete systems by using the so-called coupled map lattice. The approach based on interacting maps turns out to be successful in explaining various phenomena. However, they use a one-dimensional map to define local dynamics. As is well known, one-dimensional maps ignore fractal structure ll ) which is one of the most important characteristics of low dimensional dynamical systems. The fundamental motivation of the present work is related to the validity of using a one-dimensional local map for spatially interacting oscillator systems.
The purpose of the present paper is to propose a new spatially distributed mapping system whose local dynamics is defined by a two-dimensional map, and to discuss the relation with the simplified mapping system whose local dynamics is given by one-dimensional maps, and to clarify the possible types of instability leading to spatiotemporal behavior.
Let us consider the dissipative kicked oscillator ll ) 
To construct a field theory of a spatially distributed kicked oscillator system, we generalize (1) to the field variables ¢>(r, t) and u(r, t). The simplest generalization may be
Here F( -V'2) is a damping operator and C( -V'2) is the coupling operator. They are assumed to have the forms (4) where To is the same as in (lb) and n, C 1 and C 2 are constants. For C2 = 0 and C 1 > 0, the C 1 V'2¢> term is identical to the ordinary spring term in the continuity approximation. Since high wavenumber modes should be stable in the present continuity approximation, both nand C2 should be positive. By defining the time-dependent Hamiltonian (5) with U'(¢» = -F(¢», (3) can be rewritten into the canonical form 
The contribution to it from the second term of (7) is always negative. This suggests that (3) can represent a possible generalization to field dynamics. The phenomenological field equation (3) is consistent with the assumption that the large wavenumber dynamics is sufficiently stable only when the condition r 2 0< C2 < --t is satisfied in addition to n > O. This will be shown soon.
(8)
The integration of the equations of motion for the Fourier coefficients 1>k(t)( Uk(t))
Here (A)k is the Fourier transform of A(r), and Jk is the matrix (10) with (11) As will be shown later, the exponents ),.~ are relevant to the stability of the spatially synchronized (uniform) oscillation. The continuous model (3) has meaning only when Re),.~ < 0 holds for large Ikl. Furthermore, assuming that there exists no collective oscillation in high wavenumber dynamics, ),.~ is defined to be real for large
Ikl. This requires the condition (8) . If the n term is absent, (3) has no physical solution. The existence of the r 1 and C 2 terms thus play an essential role in the present model. The exponents ),.~ can take complex values in the region
provided that the inequalities
hold. Such a situation is specific to the two-dimensional mapping system (9) .
Carrying out the inverse transform of (9), one obtains (14) where J( r -r') is the interaction kernel matrix
d being the spatial dimension. It should be remarked that the integration of (3) with a local interaction thus causes the discrete time system to contain a non-local interaction. One easily finds that (14) is reduced to (2), provided that ¢(n)(r) and u(n)(r) are spatially uniform. Equation (14) is the new model describing the spatiotemporal dynamics in oscillatory media. Since the time evolution is determined by non-local dynamics, it takes a great deal of time if one solves (14) directly. Using the FFT, however, one can solve it faster. For a given field pattern at time step n, one calculates the r.h.s of (9), which gives the Fourier coefficients at time n + 1.
By carrying out the inverse Fourier transform, one obtains the field pattern at step n + 1. This process can be rapidly carried out by using the FFT. Repeating this procedure, one can solve (14). For a moment, let us consider the case of a large friction constant, in which (2) is reduced to the one-dimensional mapll) (16) and urn) ~ 0 for n ~ 1. In addition to the strong dissipation, we consider the spatially slowly varying dynamics, (Ikl small). By noting that (Jk)U ~ eTAt and 
This agrees with the reduced dynamics obtained first in reaction-diffusion systems. 7) The quantity ~ measures the interaction range of distributed oscillators. For C l < 0, on the other hand, the O(k4) term plays a crucial role. In this case the interaction decays in an oscillatory way in space, and the interaction kernel has two characteristic lengths, the interaction range and the period of spatial oscillation. This will be discussed in detail later.
It is easy to observe that the present, spatially distributed oscillator system (14)
has a spatially uniform oscillation ¢~n) as a particular mode of motion, described by ¢~n+l) = f(¢~n)), which is nothing but the local dynamics if no spatial interaction is introduced. Its stability is examined as follows. Let ¢~n) and u~n) be the solution of 
Let us define the matrix Uk by
and let Ail) and Ai 
,(l)-A T'+-A TC(k2)
/\k -
where
for the uniform state. For simplicity and without loss of generality in the strong dissipation case, r(k2) has been replaced by Fo.
For C I > 0, one has Ail) = A -(TCdr o )k 2 , since the O(k4) term plays no important role. When a spatially uniform state is periodic, Ail) always assumes a negative value, which implies that uniform limit-cycle oscillation is stable. On the other hand, when a local oscillation is chaotic (A > 0), there appears a characteristic wavenumber k*(=. JroA/TCt) and Ail) > 0« 0) for Ikl < k*(> k*), (Fig. 1) .
Therefore if the system size L is larger than the critical size 271"/ k*, the uniform chaotic state is unstable, while it is stable for L < L * . The dynamical equation in this case is given by (17) with the interaction (19). It has been reported that the dynamical equation (17) in this situation exhibits various types of spatiotemporal behavior, e.g., developed and weak spatiotemporal chaos 7 ) and dynamical glass behavior. 12) On the other hand, if C I < 0, one should take into account the fact that the O(k4) term in A~l). A~l) has the maximum value A + TCf!(4C 2 r O ) =. Am at
There are three cases, depending on the magnitude of A, (Fig. 2) . If Am < 0, Ail) is always negative, which implies the uniform limit cycle oscillation is stable. If Am > 0, we obtain two situations. to the case in which the local oscillation is limit cycle, while the local oscillation is chaotic in (c). For a sufficiently large system size, spatially uniform oscillation is unstable for (b) and (c).
For characteristic wavenumbers ki etc., see the text. the region ki < Ikl < k2' where ki,2 = ~~ JCr +4C2FOA/T)/2C2, and the spatially uniform limit cycle oscillation is unstable, provided that the system size is sufficiently large. This situation is similar to the instability of spatially uniform limit cycle oscillation in reaction-diffusion system. 13 ) The instability of synchronized limit cycle oscillation under an inhomogenious perturbation is known as the BenjaminFeier instability. It is well known that beyond the Benjamin-Feier instability, the system exhibits spatiotemporally irregular behavior (phase turbulence).3),13) In this connection, it is expected that the presence of an unstable region of a uniform state in the present case leads to "turbulent" behavior. The difference of the present, expected irregular behavior from phase turbulence is associated not with the phase of limit cycle but with the dynamical variable itself. On the other hand, for A > 0, <P'.I-'--"" (aj == TC j / ro, j = 1,2). One clearly finds the existence of the characteristic length e = 21l'v2a2/lall, which produces a spatially oscillatory structure, (Fig. 3) .
In the present paper we proposed a new mapping model for spatiotemporal dynamics whose local dynamics are determined by a two-dimensional map. The interrelation of the present model with large dissipation rate dynamics was discussed, and the possible types of instabilities leading to spatiotemporal behavior were clarified. Numerical study of the present model is a matter of future investigation.
